B.A./B.Sc. 2" Semester (Honours) Examination, 2022 (CBCYS)
Subject: Mathematics
Course: BMH2CCO03
(Real Analysis)

Time: 3 Hours Full Marks: 60
The figures in the margin indicate full marks.

Candidates are required to write their answers in their own words as far as practicable.
[Notation and Symbols have their usual meaning]

1. Answer any ten questions 10x2=20

@) Construct a bounded set of real numbers with exactly three limit points. [2]

(b) Is the sequence {(-1)"/ n} a Cauchy sequence? Justify your answer. [2]

(©) Give an example of an infinite series Y.;_; a,, such that (a;+a,) +(az+as)+... [2]
converges but a; + a, + ag+ a4 +... diverges.

(d) Determine whether the sequence {—2n +v4nZ? + n }is a Cauchy sequence [2]
or not.

(e If Y a,, converges then prove that lim,_. a, = 0. Is the converse true? [2]
Justify.

(f) Find sup A and inf A, where A = {x € R:3x? + 8x — 3 < 0}. [2]

(9) Show that the set of all even integers is not compact. [2]

(h) If p>0 and t is a real number, then find the limit of the sequence {n"/(1+p)"}. [2]

Q) If y is a positive real number then show that there exists a natural number m [2]
such that 0 < 1/2"<Yy.

() Find the derived set of the set S ={ (-1)"(1+1/n): n€ N} [2]

(K) Show that the sequence {(1 - 1/n)cos(nm/2)} is not convergent, but has a [2]
convergent subsequence.

) State Archimedean property of real numbers and hence show that lim,, % = [2]
0.

(m) Verify that the series Y2, sin% is not convergent. [2]

(n) Construct an unbounded sequence with exactly one subsequential limit. [2]

(o) If {sn} is a sequence of real numbers and if s, < M for all ne N, and if [2]

lim,,_ s, = L, then prove that L<M.
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2. Answer any four questions 4x5 =20
@ For any two real numbers a, b with a < b, prove that there exists a rational [5]
number r such thata < r < b.
(b) Find the limit superior and limit inferior of the sequence {1 + (—1)" + Zin} [3+2]
(c) Prove that every bounded decreasing sequence is convergent [5]
(d) () IfY;_;a, divergesthen prove that Y:;_; na, also diverges. [2]
(i) Let A and B be two subsets of R. If int A=int B = ¢ and if A is closed in R, [3]
then find int (AUB).
(e) For any sequence {a,} of positive real numbers, prove that [5]
lim,, e infa;‘—:l < lim, o a,.
(F) (i) If 6 is a rational number, then examine whether the sequence {sin(nfx)} has [3]
a limit.
@) If YXy_,a, is convergent then test the convergence of the series [2]
n=1 1og§%:+1) '
3. Answer any two questions 2x10=20
(@ (i) Let S be a sequence of real numbers. Show that every subsequence of a [5]
subsequence of S is itself a subsequence of S.
(if) Let a sequence of positive real numbers {x, } converge to x. Prove that the [5]
sequence {\/x_n }converges to vx.
(b) (i) LetSandT betwo nonempty bounded subset of R such that S is a subset of T. [4]
Prove that inf T < inf S.
(i) Test for convergence of the series %xz + %x3 + §x4 + %xS 4+, x >0, [6]
(c) (1) [Ifpisalimit point of a subset S of real numbers, then prove that there exists [5]
a countably infinite subset of S having p as its only limit point.
(i) Let S be a non-empty subset of real numbers which is bounded below and T [5]
= {-x: x€ S}. Prove that the set T is bounded above and Sup T = - inf S.
(d) (i) Let A be asubset of R. One of the following statements is true and the other  [3+2]
is false. Identify the true statement and prove it. Identify the false statement
with proper arguments.
A. Every interior point of A is a limit point of A.
B. Every limit point of A is an interior point of A.
(ii) 3k242k [5]

Examine the convergence of the sequence {x,,} where x,, = >7_; o
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